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Abstract
In this paper we discuss some continuous dependency between a C0-semigroup and its parameter.
We first get the following results: if the infinitesimal generator of a C0-semigroup is continuous
in the generalized sense, strongly (or weakly) Fréchet continuously differentiable, or strongly
(or weakly) Gâteaux continuously differentiable with respect to the parameter, respectively, so is
the corresponding C0-semigroup. We then obtain corresponding expressions for the differential
operators. Finally, the obtained results are applied to a mixed initial-boundary value problem of
a semi-linear parabolic equation, and it is proved that the solution of the equation is Fréchet
continuously differentiable with respect to the leading variable coefficient of the equation.
 2003 Elsevier Science (USA). All rights reserved.
Keywords: C0-semigroup; Infinitesimal generator; Fréchet differentiable; Gâteaux differentiable; Continuity in
the generalized sense
1. Introduction
It is well known that C0-semigroup theory has been fully studied. A book written
by Pazy [7] twenty years ago gave a systematic summary of the theory. However, being
encouraged by the study of some application problems, such as system identification, it
becomes necessary to consider the question concerning with the differentiability of C0-
semigroups with respect to the parameter included in them. Notice that, the parameter
mentioned here is not the t-parameter usually appeared in a C0-semigroup.
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theorem [7, p. 67] describes the continuous change of a C0-semigroup with respect to the
particular parameter.
Ahmed studied this problem in [1]. But, being affected by some works in differential
equation, he considered an unbounded closed operator as a bounded one after introducing
evolution triple, and so did not give a direct answer to the above-mentioned question.
As the infinitesimal generator of a C0-semigroup is closed, dense and unbounded
in general, the problem becomes more complicated. In order to make our results more
practical, we add some restrictions on the infinitesimal generators.
Therefore, following from Kato [6], we first assume, by applying the concept of gap
between manifolds, that the closed operator as a function of the parameter is continuous
in the generalized sense, and so the correspondingC0-semigroup depends continuously on
the parameter.
According to the generalized continuity of a closed operator with respect to its
parameter, some initial results were obtained in [5,10]. However, the hypotheses there
are quite complicated and are not easy to be examined. Hence we introduce the concepts
of strongly continuous closed operators, strongly (or weakly) Fréchet (or Gâteaux)
differentiable closed operators in this paper, (they are obviously extensions of strong
topology and weak topology for bounded operators). Consequently, the strong (or weak)
continuity and strong (or weak) differentiability of a C0-semigroup with respect to the
parameter can be defined.
The structure of this paper is: In Section 2, we state all main results of this paper
after introducing some necessary concepts. Their proofs are given in Section 3. Section 4
contributes to the application of the results. We apply the results to the mixed initial-
boundary value problem of a semi-linear parabolic equation and show that the solution
of the equation is Fréchet continuously differentiable with respect to the leading space-
variant coefficient.
2. Questions and main results
Let X, Y , and Q be Banach spaces. Qad ⊂Q is the set of admissible parameters and
Qad = ∅. For any q ∈Qad, A(q) :D ⊂ X→ X is a closed linear operator from D to X.
To simplify, in this paper, we assume that the domain of A(q), D(A(q)) = D, does not
depend on q . The operator T (·, q) :R+ → L(X) is the C0-semigroup generated by the
operator A(q), where L(X,Y ) denotes the set of all bounded linear operators from X to Y ,
L(X)= L(X,X) and R+ = {t ∈ R; t  0}. It is clear that for any T (·, q), there exist real
numbers Mq  0 and ωq such that ‖T (t, q)‖Mqeωq t , ∀t ∈ R+.
Next, let Cl(D,Y ) denote the set of all closed linear operators, of which domains are
D ⊂ X, from X to Y and Cl(D) = Cl(D,X). ∀A ∈ Cl(D,Y ), G(A) is the graph of the
operator A, i.e.,
G(A)= {(x,Ax) ∈X× Y : x ∈D}.
For any A,B ∈ Cl(D,Y ), we quote from Kato [6] the following definitions:
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{
(x,Ax)∈G(A): ‖x‖2X + ‖Ax‖2Y = 1
}
,
δ(A,B)= sup
(x,Ax)∈SA
dist
(
(x,Ax),G(B)
)
,
r(A,B)= max(δ(A,B), δ(B,A)), (2.1)
where dist((x,Ax),G(B)) is the distance between (x,Ax) and G(B)⊂X× Y , that is,
dist
(
(x,Ax),G(B)
)= inf
(y,By)∈G(B)
(‖x − y‖2X + ‖Ax −By‖2Y )1/2.
In Kato [6], r(A,B) is called the gap between A and B .
Follow Kato [6], we introduce the following definitions.
Definition 2.1. An ∈ Cl(D,Y ) is said to be generalized convergent to A ∈ Cl(D,Y ), as
n→∞, and write An → A as n→∞, if r(An,A)→ 0 as n→∞. Moreover, A(q) ∈
Cl(D,Y ) is generalized convergent to A∞ ∈ Cl(D,Y ), as q s→ q0 in Qad,1 and write
A(q) → A∞ as q s→ q0 in Qad, if r(A(q),A∞)→ 0 as q s→ q0 in Qad. If A∞ = A(q0),
then A(·) is said to be continuous in the generalized sense at q0. A(·) is continuous in the
generalized sense on Qad if A(·) is continuous in the generalized sense at every point in
Qad.
Remark 2.2. According to Kato [6], if we consider L(X,Y ), then the topology defined by
r(A,B) in (2.1) is the same as the uniform topology on L(X,Y ).
From the definition of r(A,B) in (2.1), the following Lemma can immediately be
obtained.
Lemma 2.3. If A,B ∈ Cl(D,Y ) are revertible, then r(A−1,B−1)= r(A,B).
Following Kato [6], we can prove the next lemma.
Lemma 2.4. Suppose that ∀q0 ∈ Qad, A(q0) ∈ Cl(X) has a nonempty resolvent set
ρ(A(q0)). If A(q) → A(q0) as q s→ q0 in Qad, then ∀λ ∈ ρ(A(q0)), if q is sufficiently
near to q0, then λ ∈ ρ(A(q)), and in addition,∥∥R(λ,A(q))−R(λ,A(q0))∥∥→ 0, whenever q s→ q0 in Qad, (2.2)
where R(λ,A(q)) and R(λ,A(q0)) are resolvent operators of A(q) and A(q0), respec-
tively.
Conversely, if there exists a λ ∈ ρ(A(q0)) satisfying (2.2), then A(q) → A(q0) as
q
s→ q0 in Qad.
Proof. Suppose that A(q) →A(q0) as q s→ q0 in Qad. For any λ ∈ ρ(A(q0)), it is obvious
that
λI −A(q) → λI −A(q0).
1 q
s→ q0 in Qad means that q strongly converges q0 in Q, i.e., ‖q − q0‖Q → 0.
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theorem in Kato [6, p. 205], if q is sufficiently near to q0, then (λI − A(q))−1 exists
and is a bounded linear operator. So by Lemma 2.3, we get
r
((
λI −A(q))−1, (λI −A(q0))−1)= r((λI −A(q)), (λI −A(q0)))→ 0,
as q
s→ q0. That is,(
λI −A(q))−1 → (λI −A(q0))−1, as q s→ q0 in Qad.
It follows, by Remark 2.2, that(
λI −A(q))−1 → (λI −A(q0))−1, as q s→ q0 in Qad
which is just (2.2).
Conversely, if there is a λ ∈ ρ(A(q0)) satisfying (2.2), then it follows from Remark 2.2
that (
λI −A(q))−1 → (λI −A(q0))−1, as q s→ q0 in Qad.
Therefore, by Lemma 2.3, we have
λI −A(q) → λI −A(q0),
and so
A(q) →A(q0), as q s→ q0 in Qad. ✷
We now introduce a series of definitions of convergence for closed operators.
Definition 2.5. The operator A(·) :Qad → Cl(D) is strongly continuous at q0 ∈ Qad, if
∀x ∈D,∥∥A(q)x −A(q0)x∥∥→ 0, as q s→ q0 in Qad, (2.3)
and, in addition, this convergence is uniform with respect to x ∈ {x ∈D; ‖x‖ 1}. That is,
∀ε > 0, ∃δ(ε) > 0, such that
if ‖q − q0‖< δ, then
∥∥A(q)x −A(q0)x∥∥< ε, ∀x ∈D with ‖x‖ 1.
A(·) :Qad → Cl(D) is strongly continuous on Qad if it is strongly continuous at each
point of Qad.
Similarly,A(·) :Qad → Cl(D) is weakly continuous at q0 ∈Qad, if ∀x ∈D and ∀y ∈X′〈
A(q)x −A(q0)x, y
〉
X,X′ → 0, as q
s→ q0 in Qad, (2.4)
and, in addition, this convergence is uniform with respect to x ∈ D with ‖x‖  1 and
y ∈ X′ with ‖y‖  1. That is, ∀ε > 0, ∃δ(ε) > 0, such that, ∀x ∈ D with ‖x‖  1 and
∀y ∈X′ with ‖y‖ 1,∣∣〈A(q)x −A(q0)x, y〉X,X′∣∣< ε, whenever ‖q − q0‖< δ,
where X′ is the dual space of X (i.e., the space of all bounded linear functionals on X) and
〈x, y〉X,X′ is the dual product of x ∈X and y ∈X′, i.e., 〈x, y〉X,X′ = y(x).
A(·) :Qad → Cl(D) is weakly continuous on Qad if it is weakly continuous at each
point in Qad.
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interior of the set Qad, if there exists A′(q0) ∈ Ls(Q,Cl(D)) such that, ∀x ∈D and ∀h ∈Q
with ‖h‖→ 0, we have∥∥A(q0 + h)x −A(q0)x −A′(q0)hx∥∥= o(‖h‖)|‖x‖|, (2.5)
whereLs(Q,Cl(D)) denotes the set of strongly bounded linear operators fromQ to Cl(D),
the boundedness is understood with respect to the strong topologies on Q and Cl(D), that
is, ∀x ∈D, the set
Sx ≡
{
A′(q0)hx;h ∈H
}
is bounded in X if the set H ⊂Q is bounded , and |‖x‖| is the graphical norm of x ∈D,
i.e.,
|‖x‖| ≡ {‖x‖2 + ∥∥A(q0)x∥∥2} 12 .
A(·) :Qad → Cl(D) is strongly Fréchet differentiable in Qad if it is strongly Fréchet
differentiable at each point in Q0ad. If ∀h ∈ Q, A′(·) is also strongly continuous in Q0ad,
then A(·) :Qad → Cl(D) is strongly Fréchet continuously differentiable in Qad.
Similarly, A(·) :Qad → Cl(D) is weakly Fréchet differentiable at q0 ∈ Q0ad, if there
exists A′(q0) ∈ LW(Q,Cl(D)) such that, ∀x ∈D, ∀y ∈X′, and ∀h ∈Q with ‖h‖→ 0, we
have ∣∣〈A(q0 + h)x −A(q0)x −A′(q0)hx, y〉X,X′∣∣= o(‖h‖)‖x‖‖y‖, (2.6)
where LW(Q,Cl(D)) denotes the space of weakly bounded linear operators from Q to
Cl(D). The boundedness is understood with respect to the weak topologies on Q and
Cl(X). We called A′(q0) the weak Fréchet derivative operator of A(·) at q0.
The weak Fréchet differentiability and weakly Fréchet continuous differentiability of
A(·) in Qad can be defined in a same fashion.
Definition 2.7. A(·) :Qad → Cl(D) is strongly Gâteaux differentiable at q0 ∈ Q0ad, if∀h ∈Q, there exists A′(q0, h) :D→X such that, ∀x ∈D,
lim
θ→0
A(q0 + θh)x −A(q0)x
θ
=A′(q0, h)x (2.7)
and, in addition, this convergence is uniform with respect to x ∈D with ‖x‖ 1. A′(q0, h)
is called the strong Gâteaux differential operator of A(·) at q0 along the direction of h.
A(·) :Qad → Cl(D) is strongly Gâteaux differentiable in Qad if it is strongly Gâteaux
differentiable at each point in Q0ad. If the operator A(·, h) is strongly continuous on Q0ad
with respect to q , then A(·) :Qad → Cl(D) is strongly Gâteaux continuously differentiable
in Qad.
Similarly, A(·) :Qad → Cl(D) is weakly Gâteaux differentiable at q0 ∈Q0ad if ∀h ∈Q,
there exists A′(q0, h) :D→X such that , ∀x ∈D and ∀y ∈X′,
lim
〈A(q0 + θh)x −A(q0)x, y〉X,X′ = 〈A′(q0, h)x, y〉X,X′, (2.8)θ→0 θ
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of h.
The definitions of weak Gâteaux differentiability and weakly Gâteaux continuous
differentiability of A(·) in Qad can be given in a similar way.
In this paper, the following hypotheses will often be used:
(H0) The operator is A(·) :Qad → Cl(D) continuous in the generalized sense at q0 ∈Qad.
(H1) The operator A(·) :Qad → Cl(D) is continuous in the generalized sense on Qad.
(H2) The C0-semigroup T (·, q) generated by A(q) ∈ Cl(D) satisfies a locally stable
condition in Qad, that is, ∀q0 ∈Qad, ∃M0 > 0,ω0 > 0, and ε0 > 0 (depending on q0),
such that
if ‖q − q0‖< ε0 and q ∈Qad, then
∥∥T (t, q)∥∥<M0eω0t , t ∈ R+.
It is now the position of stating our main results.
Theorem 2.8. If A(·) :Qad → Cl(D) is strongly continuous at q0 ∈ Qad, then it is
continuous in the generalized sense at q0. Consequently, if A(·) :Qad → Cl(D) is strongly
continuous on Qad, it is continuous in the generalized sense on Qad.
Theorem 2.9. If (H0) and (H2) hold, then the C0-semigroup T (t, ·), t ∈R+, generated by
A(·) is strongly continuous at q0. Furthermore, if the hypotheses (H1) and (H2) hold, then
the C0-semigroup T (t, ·), t ∈ R+, generated by A(·) is strongly continuous on Qad. That
is, ∀q0 ∈Qad and ∀x ∈X,
if q s→ q0 in Qad, then
∥∥T (t, q)x − T (t, q0)x∥∥→ 0, (2.9)
and, in addition, this convergence is uniform with respect to t ∈ [0, t1], where t1 <∞ is an
arbitrary real number.
Theorem 2.10. Suppose Hypothesis (H2) holds and A(·) :Qad → Cl(D) is strongly (or
weakly) Fréchet continuously differentiable at q0 ∈ Q0ad. Then T (t, ·) is strongly (or
weakly) Fréchet continuously differentiable at q0 ∈Q0ad. Furthermore, ∀x ∈D and ∀h ∈
Q, the value of the operator T ′(t, q0)h at x , i.e., [T ′(t, q0)h]x = v(t), is determined by the
following equation:{
dv
dt
=A(q0)v+A′(q0)hT (t, q0)x, t > 0,
v(0)= 0, (2.10)
where A′(q0) is the strong (or weak) Fréchet derivative operator of A(·) at q0.
Theorem 2.11. Suppose Hypothesis (H2) holds and A(·) :Qad → Cl(D) is strongly (or
weakly) Gâteaux continuously differentiable at q0 ∈ Q0ad. Then T (t, ·) is strongly (or
weakly) Gâteaux continuously differentiable at q0. Furthermore, ∀x ∈ D and ∀h ∈ Q,
the value of T ′(t, q0, h) at x , i.e., [T ′(t, q0, h)]x ≡ w(t), is determined by the following
equation:
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dw
dt
=A(q0)w+A′(q0, h)T (t, q0)x, t > 0,
w(0)= 0, (2.11)
where A′(q0, h) is the strong (or weak) Gâteaux differential operator of A(·) at q0 along
the direction of h.
3. Proofs of theorems
Proof of Theorem 2.8. ∀q0, q ∈Qad, let A0 = A(q0) and A=A(q). Then
δ(A0,A)= sup
‖x‖2+‖A0x‖2=1
x∈D
inf
y∈D
{‖x − y‖2 + ‖A0x −Ay‖2}1/2
 sup
‖x‖2+‖A0x‖2=1
x∈D
‖A0x −Ax‖ sup
‖x‖21
x∈D
‖A0x −Ax‖. (3.1)
By the assumption that, if q s→ q0 in Qad, then ∀x ∈ D with ‖x‖  1, ‖Ax − A0x‖ =
‖A(q)x −A(q0)x‖→ 0, we get
δ(A0,A)→ 0, as q s→ q0 in Qad.
In a same fashion, we can also get
δ(A,A0)→ 0, as q s→ q0 in Qad.
Therefore, we obtain
r(A,A0)→ 0, as q s→ q0 in Qad. ✷
Lemma 3.1.A(·) :Qad → Cl(D) is strongly (or weakly) Fréchet differentiable in Q0ad, then
A(·) is continuous in the generalized sense in Qad.
Proof. First, let A(·) be strongly Fréchet differentiable in Qad. That is, ∀q0 ∈Q0ad, ∀x ∈D
we have∥∥A˜x −Ax −A′(q0)hx∥∥= o(‖h‖)|‖x‖|, ∀h ∈Q with ‖h‖→ 0,
where A˜=A(q0 + h) and A=A(q0). Therefore,
sup
‖x‖1
x∈D
‖A˜x −Ax‖ = o(1).
This implies that A(·) is strongly continuous at q0 ∈Q0ad. By Theorem 2.8, the proof is
followed.
Next, suppose A(·) :Qad → Cl(D) is weakly Fréchet differentiable in Qad. Then
∀q0 ∈Q0ad, ∀x ∈D, ∀y ∈X′, we have ∀h ∈Q with ‖h‖→ 0∣∣〈A˜x −Ax −A′(q0)hx, y〉 ′∣∣= o(‖h‖)‖x‖‖y‖. (3.2)X,X
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get ∥∥A˜x −Ax −A′(q0)hx∥∥= sup
y∈X′,‖y‖1
〈
A˜x −Ax −A′(q0)hx, y
〉= o(‖h‖)‖x‖.
Hence, an analogous proof to the preceding can be followed. ✷
Proof of Theorem 2.9. In accordance with Hypothesis (H2) that ∀q0 ∈ Qad, ∃M0  0,
ω0 > 0, and ε0 > 0 (depending on q0), such that, if ‖q − q0‖ < ε0 and q ∈ Qad, then
‖T (t, q)‖ < M0eω0t , t ∈ R+, we have, by the corollary of Hille–Yosida’s theorem [7,
p. 12], that∥∥R(λ,A(q))∥∥M0/(Reλ−ω0), Reλ > ω0, (3.3)
and ∥∥R(λ,A(q0))∥∥M0/(Reλ−ω0), Reλ > ω0, (3.4)
where R(λ,A(q)) and R(λ,A(q0)) are resolvent operators of A(q) and A(q0), respec-
tively.
Let γ > max(0,ω0). Then, from [7, p. 29], the following expressions can be obtained:
t∫
0
(t − s)T (s, q)x ds = 1
2πi
γ+i∞∫
γ−i∞
eλtR
(
λ,A(q)
)
x
dλ
λ2
, (3.5)
t∫
0
(t − s)T (s, q0)x ds = 12πi
γ+i∞∫
γ−i∞
eλtR
(
λ,A(q0)
)
x
dλ
λ2
. (3.6)
Subtracting the expression (3.6) from the expression (3.5) gives that
t∫
0
(t − s)[T (s, q)x − T (s, q0)x]ds
= 1
2πi
γ+i∞∫
γ−i∞
eλt
[
R
(
λ,A(q)
)
x −R(λ,A(q0))x]dλ
λ2
. (3.7)
∀ε > 0, by (3.3) and (3.4), ∃N > 0 such that
1
2π
( −N∫
−∞
+
+∞∫
N
)
eγ t
∥∥R(λ,A(q))x −R(λ,A(q0))∥∥‖x‖ dy
γ 2 + y2 <C1‖x‖ε. (3.8)
From Hypothesis (H0) and Lemma 2.4, we know that ∃δ > 0 such that∥∥R(λ,A(q))x −R(λ,A(q0))∥∥< ε, whenever ‖q − q0‖< δ,
and so
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+N∫
−N
eγ t
∥∥R(λ,A(q))−R(λ,A(q0))∥∥‖x‖ dy
γ 2 + y2 < c2‖x‖ε. (3.9)
Combining (3.8) and (3.9) gives that∥∥∥∥∥
t∫
0
(t − s)[T (s, q)x − T (s, q0)x]ds
∥∥∥∥∥ (c1 + c2)‖x‖ε. (3.10)
Thus,
0= lim
q→q0
t∫
0
(t − s)[T (s, q)x − T (s, q0)x]ds
=
t∫
0
(t − s) lim
q→q0
[
T (s, q)x − T (s, q0)x
]
ds.
Finally, Titchmarsh’s theorem [8, p. 166] yields that
lim
q→q0
T (s, q)x = T (s, q0)x.
Obviously, the convergence is uniform with respect to t ∈ [0, t1].
The second part of Theorem 2.9 is immediately obtained from the above deduction. ✷
Proof of Theorem 2.10. Let q0 ∈Q0ad, ∀x ∈D, by the property of C0-semigroups, f (·)=
T (·, q0)x ∈ C1(0, t1;D), where C1(0, t1;D) denotes the space of Fréchet continuously
differentiable functions from [0, t1] to D. Hence A′(q0)hT (·, q0)x ∈ C(0, t1;D), and so
the initial-value problem (2.10) is well-posed. Moreover, its classical solution is
v(t)=
t∫
0
T (t − s, q0)A′(q0)hT (s, q0)x ds. (3.11)
Obviously, v(t) is linear with respect to h and x , respectively, i.e., v(t)= L(t)hx .
First, suppose that A(·) :Qad → Cl(D) is strongly Fréchet continuously differentiable
at q0 ∈ Q0ad. We will show that T (t, ·) is strongly Fréchet continuously differentiable
at q0 ∈Q0ad.∀x ∈D, then z(t)= T (t, q0)x is the solution of the following Cauchy problem:{
dz
dt
=A(q0)z,
z(0)= x. (3.12)
∀h ∈Q, let q = q0 + h ∈Q. If ‖h‖ is small enough, then q ∈Qad, and so T (t, q) exits.
Set z˜(t)= T (t, q)x , then z˜ is the solution of the following Cauchy problem:{
dz˜
dt
=A(q)z˜, (3.13)z˜(0)= x.
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dη
dt
=A(q0)η+ [A(q)−A(q0)−A′(q0)h]z˜+A′(q0)h(z˜− z),
η(0)= 0, (3.14)
where η= z˜− z− v = T (t, q)x − T (t, q0)x −L(t)hx .
The classical solution of (3.14) is:
η(t)=
t∫
0
T (t − s, q0)
[
A(q)−A(q0)−A′(q0)h
]
T (s, q)x ds
+
t∫
0
T (t − s, q0)A′(q0)h
[
T (s, q)x − T (s, q0)x
]
ds. (3.15)
From Lemma 3.1, it is clear that Hypothesis (H0) holds. Hence, by the assumption of
this theorem and the result of Theorem 2.9, we get∥∥T (s, q)x − T (s, q0)x∥∥= o(1)‖x‖, whenever q s→ q0 in Qad.
Moreover, ∀x ∈D, T (s, q)x ∈D and T (s, q0)x ∈D. As A(·) :Qad → Cl(D) is strongly
Fréchet continuously differentiable at q0, we obtain∥∥A′(q0)h[T (s, q)x − T (s, q0)x]∥∥= o(‖h‖)eω0s‖x‖.
Similarly,∥∥[A(q)−A(q0)−A′(q0)h]T (s, q)x∥∥= o(‖h‖)eω0s‖x‖.
It follows that∥∥η(t)∥∥= o(‖h‖)eω0t‖x‖t .
The fact, v(t)= L(t)hx , implies that, ∀x ∈D,∥∥T (t, q)x − T (t, q0)x −L(t)hx∥∥= o(‖h‖)eω0t‖x‖t . (3.16)
Since D = X and so (3.16) is true for every x in X. This implies that T (t, ·) is strongly
Fréchet differentiable at q0 and the value of T ′(t, q0)h at x ∈ D is given by v(t), i.e.
v(t) = T ′(t, q0)hx , where v(t) is the solution of (2.10). Furthermore, the expression of
v(t) in (3.11) indicates that T ′(t, ·) is strongly continuous at q0. Hence T (t, ·) is strongly
Fréchet continuously differentiable at q0.
Next, we show that, ifA(·) :Qad → Cl(D) is weakly Fréchet continuously differentiable
at q0 ∈ Q0ad, so is T (t, ·). Moreover, the value of T ′(t, q0)h at x ∈ D, i.e., v(t) =
T ′(t, q0)hx is determined by (2.10).
Being analogous to the preceding, we get the following Cauchy problem:{
dη
dt
=A(q0)η+ [A(q)−A(q0)−A′(q0)h]z˜+A′(q0)h(z˜− z),
η(0)= 0, (3.17)
where η(t)= T (tj , q)x − T (tj , q0)x − v(t)= z˜− z− v(t), ∀x ∈D.
The classical solution of (3.17) is
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t∫
0
T (t − s, q0)
[
A(q)−A(q0)−A′(q0)h
]
T (s, q)x ds
+
t∫
0
T (t − s, q0)A′(q0)h
[
T (s, q)x − T (s, q0)x
]
ds. (3.18)
∀y ∈X′, making the dual product of each side of (3.18) with y , respectively, gives that
〈
η(t), y
〉
X,X′ =
t∫
0
T (t − s, q0)
〈[
A(q)−A(q0)−A′(q0)h
]
T (s, q)x, y
〉
ds
+
t∫
0
T (t − s, q0)
〈
A′(q0)h
[
T (s, q)x − T (s, q0)x
]
, y
〉
ds.
By a similar reason used in the preceding, we get∣∣〈η(t), y〉
X,X′
∣∣= o(‖h‖)teω0t‖x‖‖y‖. (3.19)
This expression is also true for every x in X. Thus T (t, ·) is weakly Fréchet differentiable
at q0. Furthermore, the value of T ′(t, q0)h at x , i.e., v(t) = T ′(t, q0)hx is determined by
(2.10) and v(t) is strongly continuous at q0. ✷
To verify Theorem 2.11, the following lemmas are needed.
Lemma 3.2. If A(·) :Qad → Cl(D) is strongly (or weakly) Gâteaux differentiable in Qad,
then A(·) is continuous in the generalized sense on Q0ad.
Proof. We only give a proof for weak Gâteaux differentiability. A proof for another part
can be obtained in a similar way.
∀q0 ∈ Q0ad, since A(·) :Qad → Cl(D) is weakly Gâteaux differentiable at q0, by
Definition 2.7, we have, ∀x ∈D and ∀y ∈X′,
lim
θ→0
〈A(q0 + θh)x −A(q0)x, y〉X,X′
θ
= 〈A′(q0, h)x, y〉X,X′,
that is , if θ → 0, then∣∣〈A(q0 + θh)x −A(q0)x − θA′(q0, h)x, y〉X,X′∣∣= o(1)‖x‖‖y‖,
and, in addition, this expression is uniform with respect to x ∈ {x ∈ D: ‖x‖  1} and
y ∈ {y ∈X′: ‖y‖ 1}.
Because A(q0 + θh)x −A(q0)x − θA′(q0, h)x ∈X ⊂X′′, so, as θ → 0,∥∥A(q0 + θh)x −A(q0)x − θA′(q0, h)x∥∥
= sup
‖y‖1
′
〈
A(q0 + θh)x −A(q0)x − θA′(q0, h)x, y
〉= o(1)‖x‖,
y∈X
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Following the proof of Lemma 3.1, we get
r
(
A(q0 + θh),A(q0)
)= o(1),
and so the proof can be completed. ✷
Lemma 3.3. For any q0 ∈ Q0ad and h ∈ Q with q0 + h ∈ Q0ad, if A(·) :Qad → Cl(D) is
strongly (or weakly) Gâteaux continuously differentiable on [q0, q0 + h], then the mean
value theorem holds. That is,
A(q0 + h)x −A(q0)x =
1∫
0
A′(q0 + τh,h)x dτ, ∀x ∈D. (3.20)
Proof. ∀y ∈X′ and ∀x ∈D, set
ϕ(t)= 〈A(q0 + th)x, y〉X,X′, t ∈ [0,1].
Then ϕ(·) ∈ C1(0,1) and, by the definition of Gâteaux differentiability, we have
ϕ′(t)= lim
5t→0
ϕ(t +5t)− ϕ(t)
5t
= lim
5t→0
〈A(q0 + (t +5t)h)x −A(q0 + th)x, y〉X,X′
5t
= lim
5t→0
1
5t
〈
A
(
(q0 + th)+5th
)
x −A(q0 + th)x, y
〉
X,X′
= 〈A′(q0 + th,h)x, y〉X,X′
Hence,
〈
A(q0 + h,h)x, y
〉
X,X′ = ϕ(1)= ϕ(0)+
1∫
0
ϕ′(t) dt
= 〈A(q0)x, y〉X,X′ +
1∫
0
〈
A′(q0 + th,h)x, y
〉
X,X′ dt
=
〈
A(q0)x +
1∫
0
A′(q0 + τh,h)x dτ, y
〉
X,X′
.
Since y is an arbitrary element of X′, the proof is completed. ✷
Proof of Theorem 2.11. We only give a proof for which A(·) is strongly Gâteaux
continuously differentiable at q0 ∈Q0 . A similar proof can be obtained for the other part.ad
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problem:{
dz
dt
=A(q0)z,
z(0)= x. (3.21)
Choose h ∈ Q with q0 ± h ∈ Q0ad. Because [q0 − h,q0] ∪ [q0, q0 + h] ⊂ Q0ad, so ∀θ ∈
(−1,1), qθ = q0 + θh ∈ Q0ad. Therefore, zθ (t) = T (t, qθ )x ∈ D and zθ (t) satisfies the
following Cauchy problem:{
dzθ
dt
=A(q0)zθ ,
zθ (0)= x.
(3.22)
Let ηθ (t)≡ 1θ (zθ (t)− z(t)). Then ηθ (t) satisfies the following problem:{
dηθ
dt
=A(q0)ηθ + A(qθ )−A(q0)θ zθ ,
ηθ (0)= 0.
(3.23)
Obviously, the classical solution of (3.23) is
ηθ (t)=
t∫
0
T (t − s, q0)A(qθ)−A(q0)
θ
T (s, qθ )x ds.
Applying Lemma 3.3 and the fact that A′(q0, h) is homogeneous with respect to h, we
have
ηθ (t)=
t∫
0
T (t − s, q0)1
θ
1∫
0
A′(q0 + τθh, θh)T (s, q0 + θh)x dτ ds
=
t∫
0
T (t − s, q0)
1∫
0
A′(q0 + τθh, θh)T (s, q0 + θh)x dτ ds. (3.24)
In (3.24), let θ → 0 and consider the fact that A(·) :Qad → Cl(D) is strongly Gâteaux
continuously differentiable at q0, it follows that
w(t)= lim
θ→0ηθ (t)=
t∫
0
T (t − s, q0)A′(q0, h)T (s, q0)x ds. (3.25)
On the other hand, the definition of ηθ (t) gives
lim
θ→0
1
θ
[
T (t, q0 + θh)x − T (t, q0)x
]= lim
θ→0ηθ (t)=w(t).
This implies that T (t, ·) is strongly Gâteaux continuously differentiable at q0. The
expression of w(t) in (3.25) illustrates that w(t) is strongly continuous at q0. Hence T (t, ·)
is strongly Gâteaux continuously differentiable at q0. Furthermore, the value of T ′(t, q0)h
at x ∈D, i.e., T ′(t, q0, h)x =w(t) is the solution of the following Cauchy problem:{
dw
dt
=A(q0)w+A′(q0, h)T (t, q0)x, t > 0,
w(0)= 0 (2.11)
which is just (2.11). ✷
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Consider the following mixed initial-boundary value problem of a parabolic equation:
∂u
∂t
− ∂
∂ζ
(q3(ζ ) ∂u
∂ζ
)− u sinu= f (ζ, t), 0 < ζ < 1, t > 0,
u(0, t)= u(1, t)= 0, t  0,
u(ζ,0)= x(ζ ), 0 ζ  1.
(4.1)
We assume that the parameter q = q(ζ ) changes in the following admissible set:
Qad =
{
q ∈C1(Ω): α  q(ζ ), 0 ζ  1
}
, (4.2)
where Ω = (0,1) and α > 0 is a constant. In addition, ∀t1 > 0, f ∈ L2(Ω× (0, t1)), ∂f/∂t
is continuous under the norm in L2(Ω), that is, ∀ε > 0, ∃δ = δ(ε, t0) such that∫
Ω
∣∣∣∣∂f∂t (t, ζ )− ∂f∂t (t0, ζ )
∣∣∣∣2 dζ < ε2, whenever |t − t0|< δ.
In accordance with the partial differential equation theory, ∀q ∈ Qad, the Eq. (4.1)
has a unique solution. In order to illustrate the relationship between the solution and its
parameter, we write u= u(ζ, t)= u(ζ, t;q)= u(q).
Our task in this part is to study the relationship between u and its parameter q . It can be
shown, by using the results obtained in Section 2, that the solution u is not only continuous,
but also Fréchet continuously differentiable with respect to q .
To do so, we first transform Eq. (4.1) into an initial value problem of a differential
equation in a Hilbert space.
Define u(t) = u(·, t), f (t) = f (·, t), q = q(·), x = x(·), and let X = L2(Ω), Q =
C1(Ω),
D =
{
ψ ∈X: ψ(0)=ψ(1)= 0, ψ and dψ
dζ
are both absolutely continuous,
d2ψ
dζ 2
∈L2(Ω)
}
. (4.3)
The preceding assumption for f implies that f ∈ C1(0,∞;X). It is also obvious that
D is dense in X.
Now, ∀q ∈Qad, define an operator A(q) :D→X by
A(q)ψ ≡ d
dζ
(
q3(ζ )
dψ
dζ
)
, ψ ∈D, (4.4)
and so the mixed initial-boundary value problem (4.1) can be rewritten as:{
du
dt
=A(q)u+ u sinu+ f (t), t > 0,
u(0)= x. (4.5)
Next, we shall show that A(q) and the C0-semigroup T (t, q) generated by A(q) satisfy
Hypotheses (H1) and (H2), respectively.
Consider the following eigenvalue problem which corresponds to the operator A(q):
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A(q)ϕ ≡ ∂
∂ζ
(
q3 ∂ϕ
∂ζ
)= λϕ(ζ ), 0< ζ < 1,
ϕ(0)= ϕ(1)= 0. (4.6)
By [11, p. 326], Eq. (4.6) has eigenvalues λn and eigenelements ϕn, n ∈ Z+, where
Z+ ≡ {0,1,2, . . .}. Moreover, the results in [3, pp. 389–407] indicate that λn+1 < λn <
· · ·< λ1, n ∈ Z+, and
λ1 =−min
ϕ∈G
1∫
0
q3(ζ )ϕ′2(ζ ) dζ, (4.7)
where G≡ {ϕ ∈D ⊂X: ‖ϕ‖2X +‖ϕ′‖2X = 1, ϕ(0)= ϕ(1)= 0}. If q ∈Qad, then by (4.7),
we have
λ1 −α3 < 0,
and the eigenelements ϕn ∈D corresponding to λn, n ∈ Z+, satisfy 〈ϕm,ϕn〉 = δmn.
According to [4, pp. 41–42], the C0-semigroup generated by the closed operator A(q)
is:
T (t, q)=
∑
n
eλnt 〈·, ϕn〉ϕn. (4.8)
As λn and ϕn both depend on the parameter q , the C0-semigroup T (t, q) defined above
depends on q , too. ∀x ∈X, it is clear, by (4.8), that∥∥T (t, q)x∥∥2 =∑
m,n
eλnt eλmt 〈x,ϕn〉〈x,ϕm〉〈ϕn,ϕm〉
=
∑
n
e2λnt 〈x,ϕn〉2  e−2α3t‖x‖2,
and hence∥∥T (t, q)∥∥ e−α3t , t > 0. (4.9)
This implies that the C0-semigroup T (t, q) generated byA(q) satisfies the locally stable
condition (H2).
ForA(·) :Qad → Cl(D) being continuous in the generalized sense, a proof is as follows.
∀q0 ∈Qad, if q s→ q0 in Qad, then ∀u ∈D, we have
∥∥A(q)u−A(q0)u∥∥2X =
1∫
0
∣∣∣∣ ddζ
(
q3(ζ )
du
dζ
)
− d
dζ
(
q30 (ζ )
du
dζ
)∣∣∣∣2 dζ
=
1∫
0
∣∣(q3(ζ )− q30 (ζ ))u′′ + 3(q2(ζ )q ′(ζ )− q20 (ζ )q ′0(ζ ))u′∣∣2 dζ
 2
1∫
0
{∣∣q3(ζ )− q30 (ζ )∣∣ |u′′|2 + 9∣∣q2(ζ )q ′(ζ )− q20 (ζ )q ′0(ζ )∣∣2|u′|2}dζ
 C
{
max
∣∣q(ζ )− q0(ζ )∣∣+ max ∣∣q ′(ζ )− q ′0(ζ )∣∣}‖u‖2H 2 ,0ζ1 0ζ1
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H 2
= ∫ 10 {u2(ζ )+ u′2(ζ )+ u′′2(ζ )}dζ , and so∥∥A(q)u−A(q0)u∥∥X → 0, as q s→ q0 in Qad. (4.10)
This implies that A(·) is strongly continuous at q0. From Theorem 2.8, A(·) is
continuous in the generalized sense at q0, i.e., A(·) satisfies (H1).
Following from Theorem 2.9, the C0-semigroup T (t, ·) defined by (4.8) is strongly
continuous at q0, too.
Furthermore, define an operator A′(·) :Q→ Cl(D) by
A′(q)hx = 3 d
dζ
(
q2h
dx
dζ
)
, x ∈D, h ∈D, (4.11)
then, ∀q0 ∈Q0ad and ∀h ∈Q with q0 + h ∈Q0ad, we have∥∥A(q0 + h)x −A(q0)x −A′(q0)hx∥∥2X
=
1∫
0
∣∣∣∣ ddζ
[
(q0 + h)3 dx
dζ
− q30
dx
dζ
− 3q20h
dx
dζ
]∣∣∣∣2dζ
=
1∫
0
∣∣∣∣ ddζ
[(
3q0h2 + h3
)dx
dζ
]∣∣∣∣2dζ = o(‖h‖4)‖x‖2H 2 .
Therefore,∥∥A(q0 + h)x −A(q0)x −A′(q0)hx∥∥X = o(‖h‖)|‖x‖|.
This implies that A(·) is strongly Fréchet differentiable at q0.
From (4.11) , it is easy to see that A′(·) is strongly continuous at q0. Thus A(·) is
strongly Fréchet continuously differentiable at q0. Consequently, by Theorem 2.10, the
C0-semigroup T (t, ·) is strongly Fréchet continuously differentiable at q0.
Finally, we shall show that the solution u = u(q) of the Cauchy problem (4.5) is
continuous along the radial direction and is Fréchet continuously differentiable with
respect to q .
∀q ∈Q0ad, choose h ∈Q with q ± h ∈Q0ad. Then, ∀θ ∈ (−1,1), qθ = q + θh ∈Q0ad.
Let A= A(q) and A= A(qθ). The C0-semigroups generated by A and A are T (t, q) and
T (t, qθ)= T (t, q + θh), respectively.
Substituting qθ for q in (4.5), we get a corresponding solution u¯= u(qθ ), i.e., u¯ satisfies
the following equation:{
du¯
dt
=A(qθ )u¯+ u¯ sin u¯+ f (t), t > 0,
u¯(0)= x. (4.12)
We next show that u¯ = u(qθ)→ u(q)= u if θ → 0, i.e., u(q) is continuous along the
radical direction.
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u¯(t)=
t∫
0
T (t − s, q + θh)[u¯(s) sin u¯(s)+ f (s)]ds + T (t, qθ )x. (4.13)
Taking the norm in X = L2(Ω) for each side of the above expression and considering
the fact that the C0-semigroup T (t, qθ) satisfies (4.9), we have
∥∥u¯(t)∥∥ ∥∥T (t, qθ)∥∥‖x‖+ t∫
0
∥∥T (t − s, qθ )∥∥∥∥f (s)∥∥ds
+
t∫
0
∥∥T (t − s, qθ )∥∥∥∥u¯(s)∥∥ds
 e−α3t‖x‖+ e−α3t
t∫
0
eα
3s
∥∥f (s)∥∥ds + e−α3t t∫
0
eα
3s
∥∥u¯(s)∥∥ds
 e−α3t‖x‖+
t∫
0
∥∥f (s)∥∥ds + t∫
0
∥∥u¯(s)∥∥ds.
From the Gronwall inequality, it can be immediately known that ‖u¯(t)‖ = ‖u(t, q +
θh)‖ is bounded uniformly with respect to t ∈ [0, t1] and θ ∈ (−1,1).
Subtracting (4.5) from (4.12) gives that{
d(u¯−u)
dt
=A(u¯− u)+ (A−A)u¯+ (u¯− u) sin u¯+ u(sin u¯− sinu),
(u¯− u)|t=0 = 0.
(4.14)
The solution of (4.14) is
u¯(t)− u(t)=
t∫
0
T (t − s, q){(A−A)u¯+ (u¯− u) sin u¯+ (sin u¯− sinu)u}ds
=
t∫
0
T (t − s, q)
{
(u¯− u) sin u¯
+
1∫
0
cos
(
u+ τ (u¯− u))dτ(u¯− u)+ (A−A)(u¯− u)}ds
+
t∫
T (t − s, q)(A−A)u(s) ds. (4.15)0
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‖u(s)‖ is bounded uniformly and the norm of the first integral in (4.15) is dominated by
c
∫ t
0 e
−α3(t−s)‖u¯(s)− u(s)‖ds, so by applying Gronwall inequality, we have∥∥u(t, q + θh)− u(t, q)∥∥= o(1) as θ → 0. (4.16)
This implies that limθ→0 u(t, q + θh)= u(t, q), t ∈ [0, t].
We next show that u(q) is Fréchet continuously differentiable with respect to q .
Dividing both sides of Eq. (4.14) by θ and setting gθ (t)= (u¯− u)/θ = [u(t, q + θh)−
u(t, q)]/θ yields that{
dgθ
dt
= A(q)gθ + A(q+θh)−A(q)θ u¯+ gθ sin u¯+ u sin u¯−sinuθ ,
gθ (0)= 0.
(4.17)
The solution of (4.17) is:
gθ (t)=
t∫
0
T (t − s)
{
A(q + θh)−A(q)
θ
u¯(s)+ gθ (s) sin u¯(s)
+ u(s) sin u¯(s)− sinu(s)
θ
}
ds.
Applying Lemma 3.3 (Mean Value Theorem), we get
gθ (t)=
t∫
0
T (t − s, q)
{ 1∫
0
A′(q + τθh)hu¯(s) dτ
+
[
u(s)
1∫
0
cos
(
u+ τ (u¯− u))dτ + sin u¯]gθ (s)}ds. (4.18)
Because T (t, q) satisfies (4.9) and because ‖u¯(t)‖ and ‖u(t)‖ are bounded uniformly, so
∥∥gθ (t)∥∥X  c
t∫
0
e−α3(t−s) ds + c
t∫
0
e−α3(t−s)
∥∥gθ (s)∥∥X ds. (4.19)
By using Gronwall inequality to (4.19), it can be seen that ‖gθ (t)‖X is bounded
uniformly with respect to t ∈ [0, t1] and θ ∈ (−1,1) and, moreover, an upper boundary
does not depend on t and θ .
Since X = L2(Ω) is a reflexive space, we can choose a convergent subsequence gθn(t)
from gθ (t) such that if limn→∞ θn = 0, then limn→∞〈gθn(t), y〉 = 〈v(t), y〉, ∀y ∈L2(Ω).
Substituting θn for θ in (4.18) and considering the fact that limn→∞ u(t, q + θh) =
u(t, q), we obtain, ∀y ∈X′ = L2(Ω),
〈
v(t), y
〉= 〈 t∫
0
T (t − s, q){A′(q)hu(s, q)
+ [sinu(s, q)+ u(s, q) cosu(s, q)]v(s)} ds, y〉.
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v(t)=
t∫
0
T (t − s){A′(q)hu(s, q)+ [sinu(s, q)+ u(s, q) cosu(s, q)]v(s)} ds.
In other words, v(t) is the solution of the following Cauchy problem:{
dv
dt
=A(q)v+ (sinu+ u cosu)v +A′(q)hu,
v(0)= 0. (4.20)
where u(t) is the classical solution of (4.5).
It is clear that (4.20) is a linear equation with respect to v. It has a unique solution and,
moreover, its solution v(t) is linear with respect to h and is continuous with respect to q .
Hence, by [2, p. 68], we know that u(q) is Fréchet continuously differentiable. Its Fréchet
derivative u′(q) is defined by:
u′(q)h(t)= v(t).
If Eq. (4.5) is explained to Eq. (4.1), then it is easy to see that the solution u(ζ, t;q)
of (4.1) is Fréchet continuously differentiable with respect to the parameter q . A similar
problem was discussed in [9]. In addition, the partial differential equation corresponding
to Eq. (4.20) is:
∂v
∂t
= ∂
∂ζ
(
q3(ζ ) ∂v
∂ζ
)+ (sinu+ u cosu)v+ 3 ∂
∂ζ
(
q2(ζ )h∂u
∂ζ
)
, 0 < ζ < 1, t > 0,
v(0, t)= v(1, t)= 0, t  0,
v(ζ,0)= 0, 0 ζ  1,
(4.21)
where u= u(ζ, t) is the solution of the problem (4.1).
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